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1. THE BIRCH-SWINNERTON-DYER CONJECTURE

For a (connected) smooth projective curve C' over the rational numbers Q, it is
known that the rational points C'(Q) depends on the genus g = g(C) of C:

(1) If g = 0, then the local-global principle holds for C, i.e.: C(Q) # & if and
only if C(Q,) # & for all primes p < w0 (we understand Q, = R when
p = ). In other words, C is globally solvable if and only if it is locally
solvable everywhere. Another way of stating this is: C' ~ ]P’fb if and only if
Co, ~ I%p for all primes p < c0. We see that C(Q) is either an empty set
or an infinite set.

(2) If g = 1, C(Q) may be empty, finite or infinite. This article will focus on
this case.

(3) If g = 2, Faltings theorem asserts that C(Q) is always finite.

1.1. Mordell-Weil group and Tate—Shafarevich group. For a genus-one curve
C/Q, its Jacobian variety Jac(C) is an “elliptic curve”, i.e., a genus-one curve with
a distinguished rational point O. We write F for an elliptic curve defined over Q.
A theorem of Mordell in 1922 asserts that the abelian group E(Q) is finitely gen-
erated. This result was later generalized by Weil to abelian varieties over number
fields. Now we call the abelian group E(Q) the Mordell-Weil group of E/Q and
write:
E(Q) ~Z™W @ finite group,

where the integer ryrw = ryw (E/Q) is called the Mordell-Weil rank of E/Q.

The failure of the local-global principle for a genus-one curve over Q is related
to the notion of Tate-Shafarevich group of its Jacobian. The Tate-Shafarevich
group of an elliptic curve E/Q, denoted by IHI(E/Q), is closely related to the set of
isomorphism classes of smooth projective curves C/Q such that

Jac(C) ~ E, C(Qp) # (&, for all primes p < o0.
1
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The more precise definition is to use Galois cohomology

II(E/Q) := Ker(H(Q, E) — [ [ H'(Q., B)),

where the map is the product of the localization at all places v of Q (including
the archimedean one). As usual, we denote the Galois cohomology H'(k,E) :=
H'(Gal(k/k), E) for k = Q,Q, and i € Z=q. The first cohomology group H'(k, E)
is called the Weil-Chatelet group. It is the abelian group of principal homoge-
neous spaces for E over k. The group H!(Q, E) is torsion and abelian, hence so
is the group III(E/Q). Shafarevich and Tate independently made the following
fundamental conjecture ([41],[46])

Conjecture 1.1. Let E/Q be an elliptic curve. Then the Tate—-Shafarevich group
III(E/Q) is finite.
Remark 1. One famous example of elliptic curve with nontrivial III was discovered
by Selmer:

x3+y3+6023:0C]P’(%2.
This is the Jacobian of the Selmer curve:

32% 4+ 4y® +52° = 0 < P,
which is locally solvable everywhere but does not have a Q-point.

Remark 2. The order of III can be arbitrarily large. Cassels proved that in the
following family of elliptic curves (with complex multiplication by Z[+/—3]):

E,: 2> +y>+n2® =0,
the 3-torsion of II(E,/Q) is unbounded. To the author’s knowledge, it is still

unknown whether for each prime p, there is an elliptic curve E/Q whose Tate—
Shafarevich group contains an element of order p.

Remark 3. There is an alternating pairing, called the “Cassels—Tate pairing”
II(E/Q) x II(E/Q) — Q/Z

whose kernel is precisely the divisible subgroup of ITI(E/Q). Assuming the finiteness

of III, this gives a non-degenerate alternating pairing on III and it follows that the

elementary divisors of III show up by pairs. In particular, the order of III is a
square.

1.2. Selmer group. As a motivation for defining the Selmer group, we recall the
Hodge conjecture for a smooth projective algebraic variety X /C and a fixed i € Zx.
The Betti cohomology of even degree H# (X (C),Z) is a finitely generated abelian
group. Hodge theory allows us to define the subgroup, denoted by Hg(X¢, Z), of in-
tegral Hodge classes in H (X (C),Z). This provides a “cohomological description”
of algebraic cycle classes in H (X(C),Z). Denote by Alg(Xc,Z) the subgroup of
algebraic cycle classes in HZ (X (C),Z). Then the Hodge conjecture is equivalent
to the statement that the quotient

_ Hg(Xc,7)
Alg(Xc, Z)

is a finite group. We may write this as an exact sequence

“II'(X/C)” :

(1.1) 0 —— Alg(X¢,Z) — Hg(X¢, Z) — 1T (X /C) —=0 .
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There is also an analogous short exact sequence which gives a cohomological
description of rational points on an elliptic curve E over a number field F':

(1.2) 0—— E(F)®Q,/Z, — Sely= (E/F) ——III(E/F)[p*] —0 .

Here p is a prime number, HI(E/F)[p™] is the p-primary part of Tate—Shafarevich
group, and Sely» (E/F) is the p®-Selmer group defined as follows. Let E[p™] be

the group of p-primary torsion points of F(Q). The absolute Galois group Galg
acts on E[p®], which is isomorphic to (Q,/Z,)?* as an abstract group. Consider the
local Kummer map

6, : E(F,) ® Q,/Z, — H(F,, E[p™]).
Then Sel,» (E/F) is defined as

Sely« (E/F) := Ker(H'(F, E[p™]) — [ [ H(F,, E[p"])/Im(5,)),

where the map is the product of the localization at all places v of F'. The Z,-corank
of Sel, (E/F) is denote by r,(E/F). As an abstract abelian group, Sely« (E/F) is
of the form
(Q,/Z,)*EF) @ a finite group.

We have an inequality
(1.3) 0<ruw(E/F)<r,(E/F) < o0,
where the equality raw (E/F) = rp(E/F) holds if and only if the p-primary part
II(E/F)[p*] is finite.

It is also useful to consider the p-Selmer group Sel,(E/F) and the p-torsion
II(E/F)[p] of II(E/F). The p-Selmer group can be defined as the fiber product

Sel, (E/F) H'(F, E[p])
[T, B(F,)/pE(E,) 2 11, HY(F,, Elp])

We have the exact sequence of vector spaces over F,, (the finite field of p ele-
ments):

0— E(F)®Z/pZ — Sel,(E/F) — UI(E/F)[p] — 0.
This sequence is called the p-descent (or the first descent) of E/F. It has its genesis
in Fermat’s method of descent, used by him in the 17th century to study certain
Diophantine equations. The p-Selmer group can be effectively computed (though
not necessarily easily).
Comparing with the p*-Selmer group, we have an exact sequence of F,-vector
spaces

(1.4) 0 — E(F)[p] — Sel,(E/F) — Sel,»(E/F)[p] — 0,
where [p] denotes the p-torsion. This sequence turns out to be very useful. For ex-
ample, if Sel, (E/F) is trivial, so is Sely= (E/F). If E(F)[p] is trivial and dimg, Sel,(E/F') =
1, then a simple argument using Cassels—Tate pairing shows

Selye (E/F) ~ Qp/Zy,
in particular, r,(E/F) = 1. Then the finiteness of III predicts that ryw (E/F) = 1.
Such results can indeed be proved unconditionally for nice primes p as we will see.
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1.3. The Birch—Swinnerton-Dyer conjecture. The origins of this conjecture
can be traced back to numerical computations done by Birch and Swinnerton-Dyer
([5]). They were motivated by Siegel’s mass formula for quadratic forms. Recall
that the mass formula provides a weighted count of integral quadratic forms within
a fixed genus class (two forms are said to be in the same genus if they are locally
integrally equivalent for all places). Roughly speaking, the formula expresses the
weighted count (something “global”) as a product of local terms:

(15) H #dunG ’

where G is the (special) orthogonal group, defined over Z, attached to any a qua-
dratic lattice within the genus class. From this product, one naturally obtain a
product of the values of Riemann zeta function ((s) at certain integers.

Now for an elliptic curve E/Q, it is natural to investigate the product

(1.6) I1 #E

p<X

where #E(F,) is the number of points over the finite field F,."
At this moment let us introduce the Hasse-Weil (complex) L-function. It is
defined as an Euler product of local L-factors

(1.7) L(E/Q,s) HL (E/Qp, )
The local L-factors are defined as

L(B/Qy,5) = {(1 NS AN

(1 —app)~", pIN,
where N is the conductor of E/Q, a, = 1+ p — #E(F,) when p{ N, and a, = +1,
—1, 0, respectively, when p|N and E/Q,, has split, non-split multiplicative, additive
reduction, respectively.

Note that for pt N, we have

E(F 1
B e =
The product is formally
#E N 1
L1 - L(B/Q1)

PO

Based on their numerical computation on the family of elliptic curves arising
from the “congruent number problems”

E, :y* = 2% —n’z,
Birch and Swinnerton-Dyer were then led to the following conjecture ([5]):

(1) I1 #E ~ ¢(B/Q)- (log X,

p<X

LOne needs to be careful at the those (finitely many) bad primes.
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and
(1.9) L(E/Q.5) ~ e(B/Q) - (s — 1),
where 7 = ryw (E/Q) is the Mordell-Weil rank of E/Q and ¢/(E/Q) and ¢(E/Q)
are some nonzero constants. Indeed, the asymptotic behavior (1.8) is extremely
strong! By a result of Goldfeld ([14]), (1.8) implies that L(E/Q,s) satisfies the
Riemann hypothesis and (1.9) holds with the constant
V2em

C(E/Q) CI(E/Q)’
where v is the Euler constant.

The L-function L(E/Q, s) introduced earlier, by the theorems of Wiles, Taylor—
Wiles and Breuil-Conrad-Diamond—Taylor, is equal to the L-series L(fg,s) of a
weight two newform fg of level N. Therefore it extends to an entire function
on C and admits a functional equation with center at s = 1. The vanishing order
ords—1 L(E/Q, s) at the center s = 1 is denoted by 7., (E/Q) and called the analytic
rank of E/Q.

The Birch-Swinnerton-Dyer conjecture on rank asserts that the analytic rank
and the Mordell-Weil rank coincide.

Conjecture 1.2 (Birch-Swinnerton-Dyer conjecture on rank). Let E be an elliptic
curve over Q. Then we have

ran(E/Q) = riw (E/Q).

Informally speaking, the conjecture implies that knowing enough information of
the L-values means knowing the Mordell-Weil rank.

We would also like to recall the refined conjecture of Birch and Swinnerton-Dyer
on the leading coefficient ¢(E/Q) of the Taylor expansion of the L-function at its
center of symmetry. We need to define two more ingredients:

(1) the period P(E/Q),

(2) the regulator R(E/Q).
To define the period P(E/Q), we may take any a nonzero invariant differential
we HY(E, Qp/g). For each place p < o, one may naturally associate a measure
|w|, on the compact group E(Q,)% Then we define

P(E/Q) = ( jE(R) w@) 1 (L(E/@W ”L@p) |w|p> ,

p<o0

where the local L-factor is a normalizing factor such that the local term is equal
to one for all but finitely many p. The definition is independent of the choice of a
nonzero w € H(E, Qg /@) since any other choice differs by a constant o € Q* and
we have the product formula: [] . |a|, = 1. One can also define the period by
choosing w canonically as the Néron differential wg, which is a generator of the free
Z-module of rank one H°(E,€¢/z) for the Néron model £/Z of E/Q. It is unique
up to +1 and hence we have a well-define period

Qp = J lwoloos
E(R)

2Note that this definition of the period P(E/Q) is very much like that of the Tamagawa number
of a linear algebraic group. This should be natural since Siegel’s mass formula was equivalent to
the fact that the Tamagawa number of the special orthogonal group is 2.
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and we have an explicit formula

(1.10) P(E/Q) = Qg [ [ e
pIN
where ¢, is the so-called local Tamagawa number, i.e., the cardinality of the com-
ponent group of the Néron model of E over Z,,.
To define the regulator R(F/Q), we choose a basis Py, P, ..., P, of a free subgroup
of finite index I in F(Q) and define
det(<Pi, P]>)

R(E/Q) = =2,

where (P;, P;) is the Néron-Tate height pairing. It is easy to see that this does not
depend on the choice of the P;. In particular, one may choose P; to generate the
free part of E(Q) (i.e., together with the torsion subgroup F(Q):, they generate
E(Q)). Then we have an explicit formula

det (<P, P)))
(1.11) R(E/Q) = ——~ 222
V=R,
The regulator measures the density of the Mordell-Weil lattice with respect to the
metric defined by the Néron-Tate height pairing on E(Q) ®z R.

Conjecture 1.3 (Birch-Swinnerton-Dyer refined conjecture). Let E be an elliptic
curve over Q of analytic rank r. Then we have

(1.12) lim (Lf ’f)l — P(E/Q) - R(E/Q) - #1I(E/Q).

This gives a conjectural formula of ¢(E/Q) in (1.9). In terms of (1.10) and (1.11),
the refined formula can be written as

LO(B,1)
T, PHER:

(1.13) det(CPs, By)) HCP'

#E(Q),

We can state the refined B-SD conjecture in a manner more analogous to Weil’s
conjecture on Tamagawa numbers. Define the Tamagawa number of F/Q as

[ <o L(E/Qp, 1) SE(QP) wlp

p|N

o . * — 7™
Then the refined B-SD conjecture is equivalent to
1
E =—.
") = GmEg)

This resembles the formula proved by T. Ono for the Tamagawa number of an
algebraic torus T < GL,, defined over a number field (or a function field over a
finite field) F

#Pic(T/F)
T(T/F) = ——71——.

W = Sy p)

Here the “Picard group” Pic(T/F) is defined as H'(F, X(T)) for the character
group X (T) = Hom(T, G,,) with the natural Galp-action, and II(T/F) := Ker(H(F,T) —
[T, H(F,,T)) is a finite group.
Remark 4. The Birch and Swinnerton-Dyer conjecture for both the rank and the

refined formula has a natural generalization to abelian varieties over an arbitrary

number field ([48]).
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Remark 5. In [6] Bloch gave a volume-theoretical interpretation of the conjectural
formula (1.12) as the Tamagawa number conjecture for an algebraic group which
is an extension of the elliptic curve E by an algebraic torus.

Remark 6. If we replace the base field Q by a function field F' (such as F,(t) over
a finite field IF), the finiteness of III(E/F) is equivalent the Birch and Swinnerton-
Dyer conjecture 1.2 on rank, and implies the refined conjecture 1.3. It is also
equivalent to the Tate conjecture for elliptic surfaces over a finite field.

For some historical account of the B-SD conjecture, the readers are invited to
consult the articles [5], [47] and [18].

1.4. The status to date. For the rank part, by far the most general result for
elliptic curves over Q is obtained using the Gross—Zagier formula and the Heegner
point Euler system of Kolyvagin:

Theorem 1.4 (Gross—Zagier, Kolyvagin). If ron,(E/Q) < 1, then 74, (E/Q) =
ryuw (E/Q) and III(E/Q) is finite.

S. Zhang generalized this result to many modular elliptic curves (and modular
abelian varieties of GLa-type) over totally real number fields ([58]).

The proof of this result requires a suitable auxiliary choice of imaginary quadratic
field. Such auxiliary choice exists by a non-vanishing result in analytic number

theory ([7], [35]).

Remark 7. Kato has an independent proof using his Euler system ([29]) that, if
Tan(E/Q) = 0, then rymw (E/Q) = 0 and III(E/Q) is finite. Bertolini and Darmon
in [4] also prove that if r4,(E/Q) = 0, then rpw(E/Q) = 0. For elliptic curves
E/Q with complex multiplication, Coates—Wiles ([3]) earlier already proved that if

Tan(E/Q) = O, then TMW(E/@) = 0.

Regarding the refined formula (1.12), Rubin proved that, for elliptic curves E/Q
with complex multiplication by an imaginary quadratic field K, if r,,(E/Q) = 0,
then (1.12) holds up to some primes dividing the order of the group of units Oj.
If r4n(E/Q) = 1 for E with complex multiplication, there are results on the refined
B-SD formula due to Perrin—Riou ([39], for ordinary primes) and Kobayashi ([30],
for supersingular primes).

For elliptic curves F/Q without complex multiplication, the theorem of Kato and
Skinner-Urban on the Iwasawa—Greenberg main conjecture for GLy ([14]) implies
that the p-part of the formula (1.12) holds for nice p in the case r(E/Q) = 0:

Theorem 1.5 (Kato, Skinner—Urban). Let E/Q be an elliptic curve with conductor
N. Let p = 3 be a prime such that:

(1) E has good ordinary reduction at p.

(2) pg, is surjective.

(3) There exists a prime {||N such that pg , is ramified at £.
If L(E,1) # 0, then the p-part of the B-SD formula (1.12) holds, i.e.:

L(E,1)
Qp

= #II(E/Q) - | [

(N

Remark 8. The condition (3) can be removed by recent work of X. Wan [54].
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A recent result of the author ([67]) is that the p-part of the formula (1.12) holds
for nice p in the case r(E/Q) = 1.

Theorem 1.6. Let E/Q be an elliptic curve of conductor N. Let p = 5 be a prime
such that:

(1) E has good ordinary reduction at p.

2)p 18 surjective.

ES; pT%gre em’sg at least two primes L||N where pg ,, is ramified.

(4) If £=+1 mod p and {||N, then pg , is ramified at £.
If ron(E/Q) = 1, then the p-part of the B-SD formula (1.12) holds, i.e.:

' L'(E,1)

% a0 ]

N

Remark 9. Implicitly in the last two theorems, the ratios L(ng’l) and QEL,/I(%?]’;/)Q) are
rational numbers. Moreover, there are similar results for modular abelian varieties
of GLa-type over Q. But it is not yet completely understood how to generalize

them to totally real number fields.

Remark 10. For an elliptic curve E/Q, let jg € Q be the j-invariant. Let N be its
conductor and Ag its minimal discriminant. Then for a prime ¢||N, we have

v(Ap) = —viljp).
The residual representation pg , is ramified at £||N if and only if p { ve(jE)-

Remark 11. It seems difficult to obtain the same result for small primes p, especially
p = 2. However, Tian ([48], [49]) and Tian—Yuan-S. Zhang ([50]) have proved the
2-part of the B-SD formula in the case of analytic rank zero or one, for “many”
(expected to be of a high percentage) quadratic twists of the congruent number
elliptic curve:

E, :y* = 2% —n’x.

1.5. Recent results on Selmer groups.

Theorem 1.7. Let E/Q be an elliptic curve of conductor N. Let p = 3 be a prime
such that:

(1) E has good ordinary reduction at p.

(2) pg, is irreducible.

(3) There exists a prime {||N such that pg , is ramified at £.
Then the following are equivalent

(1) r(E/Q) = 0.

(2) ruw (E/Q) = 0 and the p-primary II(E/Q)[p™] is finite.

(3) ran(E/Q) = 0.
Remark 12. (2) = (1) holds trivially for all p; (3) = (2) follows from Theorem 1.4
(and true for all p) or Kato’s theorem; (1) = (3) is due to Skinner—Urban ([14]).
Theorem 1.8. Let E/Q be an elliptic curve of conductor N. Let p = 5 be a prime
such that:

(1) E has good ordinary reduction at p.
(2) Pg, is surjective.



THE BIRCH-SWINNERTON-DYER CONJECTURE AND HEEGNER POINTS: A SURVEY 9

(3) There exist at least two primes £||N where py, , is ramified.

(4) If €= %1 mod p and {||N, then pg , is ramified at €.
Then the following are equivalent

(1) rp(E/Q) = 1.

(2) ruw(E/Q) =1 and the p-primary HI(E/Q)[p™] is finite.

(3) ran(E/Q) = 1.

Remark 13. (2) = (1) holds trivially for all p; (3) = (2) follows from Theorem 1.4
(and true for all p); (1) = (3) is a consequence of the Kolyvagin conjecture proved
by the author in [67] (also cf. §4, Remark 22). Y. Tian ([48], [49]) first proved a
result of the type (1) = (3) for p = 2 and many quadratic twists of the congruent
number elliptic curve. Skinner ([42]) has also proved a result of the type (2) = (3).

The interest of the result of type (1) < (2) in both theorems lies in the fact
that the statements are purely algebraic and do not involve the L-values (though
the current proof, as we will see, must go through the study of special value of L-
function). Much of the appeal stems from the fact that the assumption r,(E/Q) = 0
or 1 is usually easy to check. For instance, by (1.4), if F[p](Q) = 0 (automatically
true when pp , is irreducible) and dimg, Sel,(E/Q) = d € {0,1}, then we have
ro(E/Q) = d.

Theorem 1.8 leads to the following converse to the theorem of Gross—Zagier and
Kolyvagin 1.4.

Theorem 1.9. Let E/Q be an elliptic curve of conductor N. Assume that there
are at least two distinct prime factors £||N. Then we have

ruw (E/Q) =1 and #III(E/Q) < 00 = ords,—1 L(E/Q,s) =

This is proved in [67], and earlier by Skinner [12] for square-free N using different
methods.

1.6. Outline of this survey. This survey article will be devoted to some main
ingredients in the proof of Theorem 1.6 and 1.8, as well as some partial generaliza-
tion to higher rank motives. The complete proof of Theorem 1.6 and 1.8 is given
in [67].

The section §2 is devoted to the Waldspurger formula for GLo, and its general-
ization to higher rank groups, i..e, the global Gan—Gross—Prasad conjecture and its
refinement.

The section §3 is devoted to the Gross—Zagier formula on Shimura curves. We
alm to state this formula in the most general form, due to Yuan—Zhang—Zhang
[56]. The formulation is completely parallel to that of Waldspurger formula in §2.
On the earlier developments on Heegner points and the Gross—Zagier formula with
certain ramification hypothesis, the reader may consult a previous CDM article by
S. Zhang [60].

The section §4 is devoted to the Heegner point Kolyvagin system and the struc-
ture of Selmer groups. Particularly, the attention is paid to the Kolyvagin conjec-
ture on the divisibility of higher Heegner points, which the author proved under a
certain local condition in [67].

We have been unable to include the Iwasawa theoretical aspect (which yields the
proof of Theorem 1.5 and 1.7 of Kato, Skinner—Urban) into this survey. The reader
may consult a previous CDM article by Skinner [43].
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2. WALDSPURGER FORMULA FOR GLs AND HIGHER RANK GROUPS

2.1. A formula of Gross. We start with a formula proved by Gross [15]. Let f be
a newform of weight two and level N, with trivial nebentypus. Let K = Q[v/—D]
be an imaginary quadratic extension with discriminant —D < —4,(D, N) = 1. This
determines a unique factorization

(2.1) N=N*N"—

where the prime factors of N* (N, resp.) are all split (inert, resp.) in K. Assume
that N~ is square-free. Then the root number

e(f/K) =1
if and only if N~ has odd number of prime factors, which we assume now. Let B be
the unique quaternion algebra over Q which is ramified at exactly primes dividing
N~ and oo. Let mp be the Jacquet—-Langlands correspondence of the automorphic
representation 7 associated to f. We may consider an Eichler order Op y+ in Op
with level N* and define the Shimura set as

(22) X+ n- 1= B*(Q\B*(Ap)/(Op v+ ®L)™.
This may be interpreted as the set of one-sided ideal classes of the Eichler order.
Let ¢ be a new-vector of . It defines a function on X+ ny-. Embed K into B
so that K n Op y+ = Ok. This induces an embedding of the ideal class group of
K into the Shimura set:

Pic(Ok) ~ KX\K*/O} < Xn+ n-.

For a function ¢ : X, n- — C we define

Ze@)= [ s,
tGPiC(OK)
and
Gor=| o
Xt e
where dt (dx, resp.) is the counting measure on the finite set Pic(Og) (Xn+ n-,
reap.).
Consider the Petersson inner product defined by

(2.3) (Fyi=smt [ Ty = [y aiy,

Do (N)\H Xo(N)

where wy := 2mif(z)dz. Let L(f/K, s) be the L-function (without the archimedean
factor) with the classical normalization, i.e, the center of functional equation is at
s=1.
Theorem 2.1. We have

L(f/K,1) 1 [Zk(e)P

24) G Dl 6.6

Now we specialize to an f associated to an elliptic curve E/Q. Then we have
L(f/K,s) = L(E/K,s). We consider a modular parameterization, still denoted by

)

(2.5) f:Xo(N)—> E,
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which we assume maps the cusp (o0) to zero. The pull-back of the Néron differential
won Eis f*w = ¢ wy for a constant ¢ (called “Manin constant”). It is known
that the constant c¢ is an integer. If f is an optimal parameterization, it is called
the Manin constant and conjecturally equal to 1. By a theorem of Mazur, we have
plc = p|2N.

The automorphic form ¢ on the Shimura set X+ n- is normalized so that it is
integral and its image contains 1. It is then unique up to £1. Then the formula
(2.4) can be rewritten as a form that is close the Birch-Swinnertod-Dyer formula
for E/K (cf. (1.13)):

L(E/K,1) 1 deg(f)
|D|—1/2 SE(C)W AW c2deg(o)

(2.6) EZ3OIR
The term deg(¢) := (¢, ¢) is an analogue of the modular degree deg(f), even though
there is no physical modular parameterization of E by the set Xpy+ y-.

2.2. Waldspurger formula for GL,.

2.2.1. The period integral. We fix the following data:

e F' a number field with adeles denoted by A = Ap.

e G = B* as an algebraic group over F'. Here B is a quaternion algebra over
F. Tts center is denoted by Zq.

E/F a quadratic extension of number fields °, with a fixed embedding
E — B. Denote by H = E*, viewed as an algebraic group over F. The
embedding F — B makes H a subgroup of G.

n: FX\A* — {£1} the quadratic character associated to E/F by class field
theory.

7 an irreducible cuspidal automorphic representation of G.

x : H(F)\H(A) — C*, a (unitary) character compatible with the central
character w, of m:

Wr - X|ax = 1.
Then we consider a linear functional on 7 defined by

(2.7) 2,6 | o(h)x(W)dh, der.
Zg(A)H(F)\H(A)

Since H is a torus, this is sometimes called a toric period. It is obviously H(A)-
invariant:

P, € Homp (7 ® x, C).

2.2.2. Branching law. Analysis of this last space itself leads to interesting questions
on branching laws, familiar to us from representation theory. Decompose m = ®,, 7,
as a tensor product, and similary x = ®y,. Then we have
e Multiplicity one: dim Homp g, )(m, ® x»,C) < 1.
e Dichotomy: Let 7Y be an infinite dimensional irreducible representation of
GLy(F,). Let B, be the unique division quaternion algebra over F, and
7l the representation of B associated to 70 by Jacquet and Langlands

3There is a notational nightmare at this point: we have been using E for a quadratic extension
in many places while it is also customary to use E for an elliptic curve. We warn the reader about
the inconsistence in different sections of this article.
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(where we set 7} = 0 if 7¥ is not a discrete series representation). Then we
have a dichotomy:
dim HomH(Fv)(wS ® Xu, C) + dim Hom () (7} @ X0, C) = 1.

e Root number: It is possible to relate the vanishing or non-vanishing of the
above Hom spaces to root numbers. A theorem of of Tunnell and Saito
asserts that dim Hompy g, (7r ® Xv,C) = 1,3 € {0,1} if and only if

€(1/2, 7y, Xo) = (=1)" Xv(_l)nv(_l)a
where €(1/2,m,, xv) € {£1} is the local root number associated to the rep-

resentation m, g, ® X., the base change to E, twisted by X,.

2.2.3. Local canonical invariant form. So far there seems to be no natural construc-
tion of any element in Homp (g, )(my ® Xv,C). However, Waldspurger constructed
a natural element in the (at most one-dimensional) space

HOHlH( (7TU®XU7 )®H0mH ( ®Xv7 )a

where 7,/ is the contragredient of m,. Let {-,-) be the canonical pairing m, x7) — C.
Define an average of the matrix coefficient

(2.8) %%%FJ (mo(R)bos 90> Xo(R) dh.

ZG(FU)\H(FU)
The integral is absolutely convergent for any unitary representation 7, and defines
a canonical invariant form:

ay € Homp(p,) (my ® Xo, C) ® Homp 5,y (m) @ X, ', C).
When 7, is unramiﬁed4, and the vectors ¢,,p, are fixed by K, such that
{py, pyy =1, we have
Cr, (2)L(1/2, 7y B, ® Xv)
v\Pvy Pou =Z vy Xv) = = 7U .
@ (Gripe) = LX) = T R L (L)

Therefore, for global purposes, we normalize the canonical invariant form «, as
follows:

(2.9) a (do, p0) =

1
Pl ) 0P

2.2.4. Waldspurger formula. We define a global pairing 7 x 7¥ — C using the
Petersson inner product

(b ) = o(9)p(9)dg, ¢empen’,
Za(M)G(F\G(A)
where we choose the Tamagawa measure on G(A). We normalize the measure

dh on H(A) and the measures dh, on H(F,) such that dh = [[, dh,. Then the
Waldspurger formula ([52]) can be stated as follows.

Theorem 2.2 (Waldspurger). For ¢ = ®¢p, € 7, = ®<pv e, we have

'@((b)’@((p) 1CF( ) 1/2 7TE®X 'Ua‘)ov
(2.10 gy 1 L(LmAd)L H@wm

4For a non-archimedean place v we say that 7, is unramified if the quadratic extension E/F is
unramified at v, the group G(Fy) has a hyperspecial subgroup K, = G(O,) and 7, has a nonzero
K, -fixed vector.
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The formula of Gross (2.4) in the beginning of this section can be viewed as
an explicit Waldspurger formula for the new vectors in the representation space
m, 7Y, when F = Q, E = Q[+/—D], the central character w, and the character y
are trivial. In various setting, such explicit formulae were also considered by S.
Zhang et al in [59], [61], [50]. It is well-known that they play an important role
in the arithmetic study of elliptic curves and modular forms, intimately related to
some “explicit reciprocity law” for instance.

2.3. The global Gan-Gross-Prasad conjecture and its refinement. Study of
the Waldspurger formula for GLs has exploded into a broad web of conjectures on
branching problems, automorphic periods, and L-functions, due to Gross—Prasad
[19] [20] in the 1990s, Gan—Gross—Prasad more recently [9], and Ichino-Tkeda [20],
N. Harris [23]. To describe them, let G be a reductive group and H a subgroup
defined over a number field F' (with adeles A). Let 7 be an automorphic cuspidal
representation of G. Then we consider the automorphic period integral, as a linear
functional on 7:

(2.11) Pa(9) = o(hydh, e,

JH(F NH(A)
in the orthogonal and Hermitian cases in [9]. To describe them let F' be a number
field and let £ = F in the quadratic case and E a quadratic extension of F' in
the Hermitian case. Let W,.1 be a quadratic space or Hermitian space with F-
dimension n+1. Let W,, € W, 11 be a non-degenerate subspace of codimension one.
Let G; be SO(W;) or U(W;) for ¢ = n,n + 1. Then the Gan-Gross-Prasad period
is the period integral (2.11) attached to the pair (H, G) where G = G,, x G,,41 and
H < G is the diagonal embedding of G,,.

Let m = m, ® m,4+1 be a cuspidal automorphic representation of G(A). Let
IT; g be the standard functoriality transfer from G; to suitable GLy(Ag): in the
Hermitian case, this is the base change of m; to GL;(Ag); in the orthogonal case,
this is the endoscopic transfer from G;(A) to GL;(A) (GL;—1(A), resp.) if 7 is even
(odd, resp.). We will assume the expected properties of the theory of the endoscopic
functoriality transfer from classical group to the general linear group.

Two Langlands L-functions enter the stage:

e The L-function L(s, 7, R) for a certain representation R of the L-group *G.
e The adjoint L-function L(s, w, Ad) (cf. [9, §7]).

The first L-function L(s,m,R) can be defined more explicitly as L(s,II, g x
I1,,4+1,5), the Rankin-Selberg convolution L-function due to Jacquet—Piatetski-Shapiro—
Shalika ([27]) (known to be the same as the one defined by the Langlands—Shahidi
method).

Denote A,+1 = L(MVY (1)) where MV is the motive dual to the motive M
associated to G,,11 defined by Gross ([17]). It is a product of (special values of)
Artin L-functions. We will be interested in the following combination of L-functions

L(s,m,R)

2.12 A =Apy1—.
( ) (S,ﬂ') +1L(S+ %,W,Ad)

They are completely analogous to the L-functions appeared in Waldspurger formula
(2.10). We also write £ (s, m,) for the corresponding local factor at v.

The global Gan—Gross—Prasad conjecture asserts that the non-vanishing of the
linear functional &y on 7 (possibly by varying the orthogonal/Hermitian spaces
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(W, V) and switching to another member in the Vogan L-packet (cf. [9, §9-11]) of
7) is equivalent to the non-vanishing of the central value L(%, m,R) of the Rankin-
Selberg L-function. This conjectural equivalence is proved in the Hermitian case for
7 satisfying some local conditions in [64]. One direction of the equivalence for both
the orthogonal and Hermitian cases had also been proved by Ginzburg—Jiang—Rallis
(cf. [12], [13]) when the group G is quasi-split and the representation 7 is generic.

For arithmetic applications, it is necessary to have the refinement of the Gan-
Gross-Prasad conjecture, namely a Waldspurger formula for the period &y anal-
ogous to (2.10). For simplicity let [H] denote the quotient H(F)\H (A); similarly
define [G]. We endow H(A) (G(A), resp.) with their Tamagawa measures and [H |
([G], resp.) with the quotient measure by the counting measure on H(F) (G(F),
resp.). Let (-, -) be the Peterson inner product

(2.13) @@.f¢ 9)dg, dempen’.

To define a local canonical invariant form, we again consider the integration of
matrix coefficients: for ¢, p, € 7,

(2.14) %mmwﬁ;@mmew,m:may

Here we normalize the measure dh on H(A) and the measures dh, on H(F,) such
that dh = [ [, dh,. Ichino and Ikeda showed that this integral converges absolutely.
When 7, is unramified and the vectors ¢,, ¢, are fixed by a hyperspecial compact
open G(O,) such that (¢,, ¢, = 1, we have

1
a1z(¢v7 9011) = Z(iv

Analogous to (2.9) we normalize the local canonical invariant form a,:

) - VOl(H (O,)).

1
(2~15) o ((;51,, Sﬁv) = 1 N J <7Tv(h)¢m ‘Pv>v dh.
! g(%’ 7'('1;) H,
The refined (global) Gan—Gross—Prasad conjecture as formulated by Ichino—
Tkeda and N. Harris (cf. [26], [23]) states:

Conjecture 2.3. Assume that w is tempered, i.e., m, is tempered for all v. For
O =Qp, em, 0 =Qp, €T, we have

20)7() _ )
(2.16) <¢7 90> |S ]‘_[ <¢v7 <Pv>v

where S; is a finite elementary 2-group: the component group associated to the
L-parameter of m = wp, ® mp11-

Remark 14. The refined conjecture for SO(3) x SO(4), concerning “the triple prod-
uct L-function”, was established after the work by Garrett [11], Piatetski-Shapiro—
Rallis, Harris-Kudla [22], Gross—Kudla, Watson [55], and Ichino [25]. Gan and
Ichino ([10]) established some new cases for SO(4) x SO(5). Liu ([35]) proves some
endoscopic cases for SO(2) x SO(5) and SO(3) x SO(6). All of these results utilize
the theta correspondence.

In [65], the above refined Gan—Gross—Prasad conjecture is proved in the Hermit-
ian case, under the following local conditions:
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(i) There exists a split place v such that the local component 7, is supercus-
pidal.

(ii) If 7, is not unramified, then either v is split in E/F, or H, is compact or
7, is supercuspidal.

(iii) If m, is unramified, then its residue characteristic of F is larger than a
constant ¢(n). The constant is defined such that the Jacquet—Rallis funda-
mental lemmaholds when the residue characteristic p > ¢(n) for a constant
¢(n) depending only on n (cf. [57] and its appendix).

The method of the proof of both the unrefined (in [64]) and the refined (in [65])
conjecture in the Hermitian case is to study the relative trace formula initiated by
Jacquet—Rallis ([28]). One crucial ingredient—the fundamental lemma—is proved
by Z. Yun ([57]). For other ingredients, one may consult the expository article [66].

In [9], Gan—Gross—Prasad also proposed a local conjecture to address the three
questions on the branching law: the multiplicity one, the dichotomy and the re-
lation to local root number. The local conjecture specifies the pure inner form
of the reductive group G and the representation in the L-packet which makes the
local canonical invariant form non-vanishing. There has been substantial progress
towards a complete resolution to the local conjectures (at least for p-adic local
fields), due to many people: Aizenbud-Gourevitch—Rallis—Schiffmann [1] and Sun—
Zhu [15] for the multiplicity-one theorem, Waldspurger [53] (orthogonal groups)
and Beuzart-Plessis [2] (unitary groups) for the dichotomy and the relation to root
numbers.

Gan-Gross—Prasad also made analogous conjectures for (W, V) where W is not
not necessarily of codimension one. Towards this, in the Hermitian cases, Yifeng
Liu in [34] has generalized Jacquet—Rallis’s construction of relative trace formulae,
and proved some cases of relevant fundamental lemmas. Recently, Yifeng Liu in
[35] has also extended the formulation of the refined conjecture to more general
Bessel periods.

3. GROSS—ZAGIER FORMULA FOR GLsg

In this section, we recall the formulation of the general Gross—Zagier formula for
GLg, following the joint work by X. Yuan, S. Zhang and the author in [56].

3.1. Gross—Zagier fromula for X+ y-. Asan example, we first give an explicit
version of the formula in [56] in a special case, which is used in the proof of Theorem
1.6.

In 1950s, Heegner first realized that modular parameterization could be used
to construct rational points on elliptic curves [24]. By applying this idea to the
congruent number curve y? = z3 — n?z, Heegner proved that all primes p = 5 (
mod 8) are congruent numbers. His method also essentially proved that Gauss’s
list of imaginary quadratic fields with class number one is complete.

Heegner’s idea was to use the theory of complex multiplication to construct
special points on the modular curves X, (V). This led to the computation of Birch
and Stephens on what are now called Heegner points, cf. a historical account by
Birch [3]. To define these points, one needs an auxiliary imaginary quadratic field
K = Q[v/—D] with discriminant —D < 0. For simplicity we assume D > 4. We
impose the Heegner hypothesis: every prime factor £|N is split in K. It follows that
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there exists an ideal N of Of, the ring of integers of K, such that
Ok /N ~7Z/NZ.

Then the elliptic curves C/Of and C/N ~! are naturally related by a cyclic isogeny
of degree N, therefore define a point, denoted by x(1), on Xo(N). By the theory
of complex multiplication, the point x(1) is defined over the Hilbert class field H
of K. By class field theory, the Galois group Gal(H/K) is isomorphic to the class
group Pic(Ok).

To have a complete analogue of §2.1, we assume that the factorization N =
NTN~ in (2.1) satisfies the generalized Heegner hypothesis: N~ is square-free and
has even number of prime factors. The Heegner hypothesis corresponds to the case
N~ = 1. We need to use the Shimura curve Xy+ y- associated to quaternion
algebra ramified precisely at prime factors of N~ , whose definition is given in the
next paragraph. Then one may similary define a point x(1) € Xy+ y-(H).

Let E/Q be an elliptic curve with conductor N and f the associated weight two
newform. Consider a modular parameterization

¢) : XN*,N* — F.

If N- = 1 we require this morphism to send () to zero; in general one needs to
normalize it in a certain way we will describe later on. Define

(3.1) y(1) = ¢(x(1)) € E(H), yx = tryxy(1) € E(K).
The generalized Heegner hypothesis ensures that the global root number
e(E/K) = —1.

Then the Gross—Zagier formula for X+ ny- is as follows, stated analogous to the
formula (2.4):

Theorem 3.1. We have
L'(f/K»D 1 <yK7yK>

(32) (1)~ /D] deg(d)

where (f, f) is the Petersson inner product (2.3), and {yi,yr ) is the Néron—Tate
height pairing over K.

This is proved by Gross—Zagier in [21] when N~ = 1, in general by S. Zhang in
[58] and Yuan—Zhang—Zhang in [506].

To have an analogue to the formula (2.6), we choose a parameterization by the
modular curve Xo(N), already appearing in §2.1 (2.5):

f:Xo(N) > E.

Let ¢ be the constant such that f*w = c¢-wy. Then an equivalent form of the
formula (3.2) is

L'(E/K,1) ideg(f)< ;
DI o wnm 2 deg(e) Y

(3.3)

In the rest of this section, we state the most general Gross—Zagier formula for GLg
over a totally real field, following the book [56].
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3.2. Quaternions and Shimura curves. Let F' be a number field with adele ring
A = Ap and let Ay be the ring of finite adeles. Let X be a finite set of places of F.
We then have the quaternion algebra B over A with ramification set X(B) := X, i.e.,
the unique (up to isomorphism) A-algebra, free of rank 4 as an A-module, whose
localization B, := B ®, F, is isomorphic to My(F,) if v ¢ ¥ and to the unique
division quaternion algebra over F, if v € 3. If #X is even then B = B®p A for a
quaternion algebra B over F. In this case, we call B a coherent quaternion algebra.
If #X is odd, then B is not from any quaternion algebra over F. In this case, we
call B an incoherent quaternion algebra (cf. Kudla’s notion of incoherent collections
of quadratic spaces, [33]).

Now assume that F' is a totally real number field in the rest of this section and
that B is a totally definite incoherent quaternion algebra over A. Here “totally
definite” means that ¥ contains all archimedean places, i.e., B, is the Hamiltonian
quaternion for every archimedean place 7 of F'. We then have a (compactified)
Shimura curve Xy over F indexed by open compact subgroups U of IB%; = (B®a
Ay)*. For any embedding 7 : F' < C, let B(7) be the unique quaternion algebra
over F' with ramification set ¥\{7}, and identify By with B(7)a, as an A-algebra.

Then the complex points of Xy, := Xy xp, C form a Riemann surface with a
uniformization:
(3.4) Xy .(C) ~ B(r)*\H* x BY /U v {cusps}, HE .= C\R,

where B(7)* acts on H* through an isomorphism B(7), ~ M>(R). The set {cusps}
is non-empty if and only if 7' = Q and 3 = {00}, in which case the Shimura curve
Xy is a modular curve.

For later purposes, we will give a class of examples of Shimura curves which
resemble the classical modular curve Xo (V) with I'g(N)-level structure. Let F = Q
and fix positive integers Nt and N~ such that (N*, N7) = 1 and N~ is square-free
with even number of prime factors (cf. the Shimura set X+ y- (2.2) when v(N7)
is odd). We consider the indefinite quaternion algebra B over Q that is ramified
precisely at all factors of N~. Then the Shimura curve Xy+ n- is Xy where the
compact open U < B*(Ay) is prescribed by

Unen-= U U=

{<o0o

I—‘0 (N)? é|N+7

03, LYNT.
Equivalently, we may consider an Eichler order Op y+ in Op with level N* and
define

(3.5) Un+ v = (Opn+ @L).

In particular, if N~ = 1, the curve X+ y- is the classical modular curve Xo(N7),
whose complex points are I'o(NT)\H together with cusps.

For any two open compact subgroups U; < Us of IB%JT7 one has a natural surjec-
tive morphism 7y, v, : Xy, — Xu,. Let X be the projective limit of the system
{X U}UdB;. It is a regular scheme over F', locally noetherian but not of finite type.

On the curve Xy, there is a distinguished class £y € Pic(Xy)g with degree
equal to one on every connected component of Xy. In the case of the modular
curve X((N), one may work with the divisor class of the cusp (o0). In general, one
uses a normalized Hodge class, cf. [56, §3.1.3] for details.
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3.3. Abelian varieties parametrized by Shimura curves. We will be inter-
ested in the isogeny factors of the Jacobian of Shimura curves. For a simple abelian
variety A over F', we say that A is parametrized by X if there is a non-constant
morphism Xy — A over F for some U. If A is parametrized by X, then A is of
strict GL(2)-type in the sense that

M = End"(A) := Endp(A) ®z Q

is a field and Lie(A) is a free module of rank one over M ®g F' by the induced
action.
We now define a Q-vector space:

74 = Homg(X, A) := li_é)nHomgU (Xy, A),

where HomgU (Xy, A) consists of morphisms in Homp(Xy, A) ®z Q with the fol-
lowing property: if £y is represented by a divisor »;, a;x; on Xy, then f €
Homp (Xy, A) ®7z Q is in 74 if and only if >, a;f(z;) = 0 in A(F)g. For example,
if A is an elliptic curve over Q of conductor N, then there exists a non-constant
morphism ¢ : Xo(N) — A that maps the cusp () to 0 € A. Then such a modular
parameterization ¢ defines an element in 4.

The curve X admits a B;—action by Hecke correspondence. Making B} act
trivially, we have a B*-action. Then the space w4 admits a natural B*-module
structure. Note that 74 also admits an M-action. In [56] we say that 74 is an
automorphic representation of B* over Q, if the Jacquet-Langlands transfer of 4 ¢
to GLa(A) is automorphic. It is proved in [56] that

Endmx (7TA) =M
and that 74 has a decomposition as a restricted tensor product

TA = ®7T’L)7
M

where 7, is an absolutely irreducible representation of B over M. Denote by wa
the central character of 4.

Remark 15. We note that the way we form the representation space w4 is analo-
gous to the passage from a classical holomorphic modular form to the associated
automorphic representation: if we have a Hecke eigenform f which is a classical
holomorphic modular form of a certain weight, then one may take all Hecke trans-
lations to form an automorphic representation of GL2(A). For comparison, for a
reductive group G over F, an automorphic form is a function f : G(F)\G(A) — C
with values in C; an element in 74 can be viewed as an “automorphic form” on a
Shimura curve with values in an abelian variety A.

We may then define the L-function attached to the M-representation 74
L(s,ma) = | [ Lu(s,m) € M ®g C.

It has an analytic continuation to an entire function of s € C. This is done by
invoking the Jacquet-Langlands transfer of m4 to GLg(A). We will take the com-
plete L-series using suitable I'-functions at archimedean places. One may think of
L(s,ma) as a tuple L(s,ma,t) indexed by ¢ € Hom(M, C).
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Remark 16. There is also a motivic definition of the L-function of A. For example,
when A is an elliptic curve over Q, the L-function L(s, A) is the L-function defined
by (1.6) completed by a certain I'-function.

3.4. Duality. If A is parametrized by a Shimura curve X, then the dual abelian va-
riety AV is also parametrized by X. Then the endomorphism field M~ = End°(A")
is canonically isomorphic to M by sending a homomorphism m : A — A to its dual
mY : AV — AY.

One may define a perfect B*-invariant pairing
() maAXTAv — M

as follows. Let f1y € Homgu (Xu,A), fau € Homgu (Xy,AY). By Albanese func-
toriality, f1,u induces an element in Hom(Jy, A), still denoted by f1 7, where Jy
is the Jacobian of Xy;. Similarly we have fo ¢ € Hom(Jy, AY). Let Ly A—Juy
be the dual of f3 7, where we identify J;7 ~ Jy. We then define

(fl,U © fzv,U) c M

(f1, f2) = vol(Xy) ’

where fi 0 fyi; € End’(A) = M, and the volume factor is defined
dzd
vol(Xy) := J x—g
Xy (C) 2TY
It takes value in Q. This is independent of the choice of the compact open subgroup

U c IB%]T. It follows that w4+ is dual to w4 as M-representations of B*.

Remark 17. We note that the pairing (-,-) here plays the role of Petersson inner
product for an automorphic representation. This becomes more obvious when we
compare the Gross—Zagier formula with the Waldspurger formula (cf. (3.2) and

(2.4)).

Remark 18. When A is an elliptic curve, we have M = Q and w4 is self-dual. For
any morphism f € w4 represented by a direct system {fy}u, we have

(f, f) = vol(Xy)~* deg fur.

Here deg fy denotes the degree of the finite morphism fy : Xy — A, usually
referred as the “modular degree”, an invariant that contains important arithmetic
information of the elliptic curve A and has received wide attention.

3.5. Height pairing. The Néron—Tate height pairing is a Q-bilinear non-degenerate
pairing

Coont t A(F)g x AY(F)g — R.
The field M = End"(A) acts on A(F)g by definition, and acts on A (F)g through

the duality. Then one may define an M-bilinear pairing, called an M -linear Néron—
Tate height pairing

Coom 2 A(F)o®m AY (F)g — M @ R
such that
¢y ONT = targr/RE S M-
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3.6. CM points. To introduce CM points, we let E/F be a totally imaginary
quadratic extension, with a fixed embedding Ag < B over A. Then A} acts on
X by the right multiplication via Ay, < B*. Let XF” be the subscheme of X of
fixed points of X under E*. The scheme X®" is defined over F. By the theory of
complex multiplication, every point in X : (F) is defined over E*P and the Galois
action of Gal(E%/E) is given by the Hecke action under the reciprocity law.

Fix a base point P € X¥" (E?") given by a system of points Py € Xy (E*P)
indexed by U < B}. For 7 € Hom(F, C), via the complex uniformization of X¢,,(C)
by (3.4), the point Py can be chosen to be represented by the double coset of
[20,1]u, where zg € H is the unique fixed point of E* in H via the action induced
by an embedding E — B(r).

Let A be an abelian variety over F parametrized by X with M = End®(A). Let
X : Gal(E?"/E) — L* be a character of finite order, valued in a finite extension L
of M. For any f € 74, the image f(P) is a well-defined point in A(E2")g. Consider
the integration

7= F(PT) @ x(r)dr € A(E™)q @y L,
Gal(Esb/E)
where P7 is the Galois action of 7 on P, the Haar measure on Gal(E*’/E) has
total volume 1. It is essentially a finite sum, and it is easy to see that
ab
Py(f) € A(x) i= (A(E*™)q @nr Ly)F/5).

Here L, denotes the M-vector space L with the action of Gal(E*?/E) given by the
multiplication by the character x. For &, (f) # 0, a necessary condition is that
the central character wa of w4 should be compatible with x:

wa - Xlax = 1.

From now on we assume this compatibility. Consider the L-vector space Hom A% (Ta®
X, L). The map f — 2, (f) defines an element:

<@X € HOHIA;; (ﬂ—A ® X L) ®L A(X)v
where we recall that the Hom space is at most 1-dimensional.

3.7. Local canonical invariant form. We need a local canonical invariant form
in the space

Hom x (74,0 ® Xv, L) @ Hompx (74 , ® X, 5 L).
This is almost the same as the one o appearing in the Waldspurger formula except
we need to make it defined over L. Let (-, )y : T4, X T4, — M Dbe the canonical
pairing. We define «, formally by
(3.6) ay(f1, f2) = f (7o (t) f1, f2)v Xo(t)dt, fremy, f2eT,.

X X
v v

and normalize it by
L(1,7n,)L(1,m,, Ad
(3.7) 04 (fu, fo) = ZLIEC )
CFW(Q)L(§77T1))XU)

More precisely, we choose measures so that vol(E /F,X) € Q and take an embedding
t: L — C and define the above integral with value in C. We then show that, for

av(fla f2)
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all places v, the value of o (f1, f2) lies in L, and does not depend on the choice of
the embedding ¢.

3.8. Gross—Zagier formula. Let m4 g denotes the base change of m4 to E. View
X as a character of EX\A} via the reciprocity law E*\AY —> Gal(E*"/E) which
maps uniformizers to geometric Frobenii. Define the L-function
L(s;ma,x) = L(s, 74,6 @ X).-

For example, if A is an elliptic curve over F'/Q and x is trivial, then the L-function
is the Hasse—Weil L-function associated to the base change A/F.

We identify the contragredient T4 = w4+ by the duality map

(',-)271',4 X TTAv — M.

Then we have the following Gross—Zagier formula on Shimura curves ([56, The-
orem 1.2]), parallel to the Waldspuger formula (2.10).

Theorem 3.2. For any fi = @y fi,v € Ta and fo = @y fa,0 € Tav, we have

(Py(f1), Pyr(foh)r _ 1 Cr(2)L/(1/2,7a,X) I & (f1,0, fa0)
(flv,f?) 4L(1777)2L(1a7TAaAd) v (fl,v;f2,’u)’u
as an identity in L ®y C. Here (-, : A(x) x AV(x™!) - L®qg R is the L-

linear Néron—Tate height pairing induced by the M -linear Néron—Tate height pairing
(> between A(F) and AV (F).

(3.8)

Note that, in contrast to the Waldspurger formula, the appearance of L(1,7)? is
caused by the different choice of the measure on Ay, /Aj.

A necessary condition for &, # 0 is that HomAE (ra®x, L) # 0. By the theorem
of Saito-Tunnell (cf. §2), the space HomAg (ma®x, L) is at most one-dimensional,
and it is one-dimensional if and only if the ramification set %(B) of B is equal to
the set

Y(A,x) :={places v of F: €(1/2,Ta 0, Xv) # Xo(—1)0s(—1)}.
In that case, since #X(B) is odd, the global root number
€(1/2,m4,x) = —1
and hence L(1/2,74,x) = 0. If (B) # X (A4, x), the vector space HornAfE (ma®x, L)
is zero and thus both sides of the formula (3.8) are zero.

Back to the Gross-Zagier formula (3.2) or (3.3), the character x = 1 and the
generalized Heegner condition implies that

S(A,x) = {€: (1N~} U {oc}.
The relevant Shimura curves are then the curves Xpy+ y-.

3.9. Higher rank cases: the arithmetic Gan—Gross—Prasad conjecture.
There is also a natural generalization of the Gross—Zagier formula to higher rank,
called the arithmetic Gan-Gross—Prasad conjecture (and its refinement), formu-
lated in [9], [62], [63]. A relative trace formula approach has also been proposed by
the author in [63]. However, in contrast to the generalization of Waldspurger for-
mula, there are fewer results in this direction. One obstruction is the still unproven
“arithmetic fundamental lemma”, which will be stated below. This is only known
in the lower rank cases ([63]) or in some special cases ([40]). Moreover, one needs
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also an arithmetic version of “smooth matching” for the relevant Shimura varieties
at all places.

3.10. The arithmetic fundamental lemma. We state the conjectural arithmetic
fundamental lemma [63]. Fix a prime p and consider the following data:

E = Qp2, unramified quadratic extension of Q,.
V: Hermitian space of E-dimension n + 1, with the Hermitian pairing
(,):VxV->E.
e ueV, (u,u) =1.
For regular g € U(V), define L, to be the Zy2-lattice in V' generated by
U, gu, ..., g"u. Here “regular” means that L, has full rank.
e 7:V — V: an E-linear involution (depending on g) characterized by
7(g'u) = g tu.

For comparison, we also recall the Jacquet—Rallis fundamental lemma, which is
a fundamental ingredient to proving the generalized Waldspurger formulas in §2.
We consider two type of lattices: self-dual lattices and conjugate-invariant lattices:

e = (A € V : Zye-lattice, A* = A},
where A* = {ve V : (v,A) € Z,2}, and
ZLeomi = (A <V : Zye-lattice, AT = A}.

Then the Jacquet-Rallis fundamental lemma is a family of identities relating weighted
counts of the two type lattices, indexed by (regular) g € U(V):

(3.9) 2 (—1)"™ = D L

{Aegeoni:gh=A\,LogcAcL} {Aegself i gh=N,LycAcL¥}

where ¢(A) is the length of Z,2-module A/Ly. This form of the statement was
proved by Z. Yun ([57]) for function fields of characteristic p;jn. In an appendix to
[57], J. Gordon showed that this implies the characteristic zero version when the
residue characteristic p is sufficiently large (compared to n).

To state the arithmetic fundamental lemma, we introduce the set of a third type
lattices which we call almost self-dual lattices:

LAl NV Zy2-lattice,pA < A* < A},

i.e., A/A* is killed by p. The almost-self dual lattices appear in parameterizing
irreducible components of the supersingular locus of unitary Shimura variety (type
U(n,1)) in characteristic p. More precisely, by the Bruhat—Tits stratification on
the Rapoport—Zink space of unitary type (n,1) ([71]), one may associate a stra-
tum to each almost self-dual lattice A. Then one may define a certain arithmetic
intersection multiplicity mult(A) along this stratum (cf. [10]).

Then the conjectural arithmetic fundamental lemma [63] can be stated as a
family of identities relating weighted counts of the two type lattices, indexed by
(regular) g e U(V).

Conjecture 3.3. If 2% is empty, then we have

> (=1)*MpA) = > mult(A).

{Aegeonigh=N,LycAcL¥} {AepA—self:gh=\,LycAcL¥}
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4. KOLYVAGIN CONJECTURE AND THE STRUCTURE OF SELMER GROUPS

4.1. Shimura curves and Shimura sets Xy+ y-. Let N = N*N~ be a fac-
torization of a positive integer N such that (N*,N~) = 1 and N~ is square-free.
Then we have defined a Shimura set (a Shimura curve over Q, resp.) by (2.2)
(by (3.4), (3.5), resp.) when v(N7) is odd (even, resp.), denoted by X+ y-. Its
complex points can be uniformly described as (possibly also joint with cusps when
N—=1)

Xn+ n-(C) = B(Q\B (A)/R}Uss - (Op v+ ®Z)*,
where

e B is the unique-up-to-isomorphism quaternion algebra B over Q ramified
exactly at prime factors of N~ if (N ™) is even, and oo if ¥(N7) is odd.

e Uy is the maximal connected compact subgroup of B}.

e Op n+ is an Eichler order of level N*.

4.2. Heegner points on Shimura curves. Let K = Q[v/—D] be an imaginary
quadratic extension with discriminant —D < —4, (D, N) = 1. This determines a
unique factorization N = NYN~ as in (2.1). N~ is assume to be square-free and
v(N7) even so that we have a Shimura curve Xy+ y-. For simplicity we write
X =Xn+ N--

For n € Z-¢ we let Ok, = Z + nOg be the order of O with conductor n.
Denote by K|[n] the ring class field of K with conductor n, characterized by the
reciprocity law

rec : Gal(K[n]/K) ~ KX\IA(X/@IX(W

In particular, K[1] = Hg is the Hilbert class field of K, and K[n] is an abelian
extension of K only ramified at primes above factors of n, with Galois group
Gal(K[n]/K) ~ Pic(Ok »).

In §3 (3.1), we have defined the Heegner point (1) € X (Hk), y(1) € E(Hgk),yx €
E(K). There exists a collection of points z(n) on X defined over K[n]. They are
sometimes called higher Heegner points, to be distinguished with z(1). We describe
them in the case of modular curve X = Xo(N), i.e., when N~ = 1. Let N be an
ideal such that Ok /N ~ Z/NZ. Then the ideal N;, = N' n Ok, is an invertible
Ok n-module. Then the elliptic curves C/Ok ,, and C/N,; ! are naturally related by
a cyclic isogeny of degree N, therefore define a point, denoted by z(n), on Xo(N).
By the theory of complex multiplication, the point z(n) is defined over the ring
class field K[n].

Let E/Q be an elliptic curve of conductor N. Then it is parameterized by the
Shimura curve X+ n-:

(41) d):XNJr,N* — F.
Then one may define points
y(n) = ¢(x(n)) € E(K[n]).

The definition of y(n) depends on ¢. From now on we will assume that ¢ is an
optimal parameterization.
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4.3. Kolyvagin cohomology classes. We first define Kolyvagin’s derived Heeg-
ner points and cohomology classes. Let p be a prime.

Definition 4.1. (1) For a prime £ 1 N, the p-divisibility of ¢ is defined as
M(€) = vy(ged(as, £ + 1)),
where ag = €+ 1 — #E(Fy). If n is square-free and (n, N) = 1, we define
M(n) = E‘inn M(?)
We also set
M(1) = 0.
(2) A prime £+ NDp is a Kolyvagin prime if it is inert in K and M(¢) > 0.
Now let A be the set of square-free products of Kolyvagin primes and set
Ar={neA:v(n)=r}, AM)={neA:Mn)= M},
where
(4.2) v(n) = #{¢: ln}.

For n € A, we denote G,, = Gal(K|[n]/K[1]) and G,, = Gal(K[n]/K) for n € A.
Then we have a canonical isomorphism:

Gn = HGfa
ln

where the group G, = Gal(K[¢]/K[1]) is cyclic of order £+ 1. We have the following
diagram:
K{n]
Gn=Pic(Ok n) ‘ > Gn=ITy, G
K[1]

KQ

‘ Pic(Ok)

Q

Fix a generator o, of G, for each prime ¢ € A. We define the Kolyvagin derivative

operator
{+1

D, := 2 ioh € Z[Gy),
i=1
and
Dy, := [ [De € Z[Gn].
ln
Fix a set ¢ of representative of G,,/G,,. Then we define the derived Heegner point
(4.3) P(n):= ) o(Dny(n)) € E(K[n]).
oe¥
From the short exact sequence

XpZ\/I

0 E[pM] E E 0,

we have an induced Kummer map
E(K)®z/p" — H'(K, E[p"]).
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We have a commutative diagram of Kummer maps:

E(K)®Z/p™ H'(K, E[p"])

| |

(E(K[n]) @ Z/p")9" —— H'(K[n], E[p"])%"

Now assume that pg , is surjective. Then for n € A, we have ([10, Lemma 4.3])
E[p™](K[n]) = 0.

Hence the restriction map

Res : HY(K, E[p"]) —= H'(K[n], E[p"])%"

Elp
is an isomorphism. When M < M (n), the derived point P(n) defines a G, -invariant
element in F(K[n])®Z/p™. Hence the Kummer image of P(n) in H*(K[n], E[pM])
descends to a cohomology class denoted by

(4.4) em(n) € H'(K, E[p"]).
When n = 1, we find that
(4.5) yx = P(1) = tryxy(1) € E(K),

and cps(1) is the Kummer image of y.

Definition 4.2. The mod p™ Kolyvagin system is the collection of cohomology
classes

(4.6) kpn = {car(n) € HY(K, E[pM]) : n e A(M)}.
We also write
(4.7 Kpo = {ear(n) € HY(K, E[p™]) :ne A, M(n) = M}.
Remark 19. One could also describe the action of the complex conjugation on all
of the classes ¢(n). Let € = ¢(E/K) € {1} be the root number E/Q. Define
(4.8) 6 =e-(=1)"T e {+1}.

Then the class ¢(n) lies in the €, (,)-eigenspace under complex conjugation ([16,
Prop. 5.4)):
c(n) € H'(K, E[p" ).

4.4. Kolyvagin conjecture. Define .#(n) € Zso v {0} to be the divisibility of
the derived Heegner point P(n), i.e., the maximal .# € Zzo u {00} such that

P(n) € p” BE(K[n])
(or we may write this as p# (|| P(n)). Let .#, be the minimal .# (n) for all n € A,..
Then in [32] Kolyvagin shows that for all » > 0:

(4.9) My = Moy = 0.
Define
(4.10) My = lim M,

as the minimum of ., for varying r > 0.
Then the conjecture of Kolyvagin [32, Conj. A] (generalized to Shimura curves)
asserts that
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Conjecture 4.3. Let E/Q be an elliptic curve with conductor N. Let K =
Q[v—D] be an imaginary quadratic extension with discriminant —D < —4, (D, N) =
1. Assume that the residue representation pg , is surjective. Then the Kolyvagin
system (4.7)
K‘POO 7 {0}7
or, equivalently, M, < 0.
Definition 4.4. The vanishing order of ky» € Zso U {0} is defined as
ord kpe :=min{v(n) :ne A, M < M(n),cp(n) # 0},
(0 if all cpr(n) vanish.) Similarly one may define the vanishing order of Ky
ord kpu :=min{r(n) : n € A(M),cpr(n) # 0}.
Clearly we have
ord fpe < ... < ordkpm < ord kpn—1 < ... < ord Ky,
The conjecture 4.3 is equivalent to

ord Kpo < 0.

Remark 20. Clearly we have
(4.11) ord kpo =0 < yx € E(K) is non-torsion.
Hence the conjecture 4.3 holds trivially if the Heegner point yx is non-torsion.

It is important to know the value .#,,. Indeed, one may refine the conjecture to
predict .#, in terms of local Tamagawa numbers, based on the following ingredients
when 7.,(E/K) = 1:

Birch—-Swinnerton-Dyer conjecture (the refined formula (1.13)).
Gross—Zagier formula for X+ y- (3.3).

Kolyvagin’s theorem that #I1(E/K)[p*] = p*(#o=#=),
Ribet—Takahashi’s comparison of modular degrees in (3.3):

deg(f)| _ .
deg(¢) ], le;[ |

P
for a prime p where ppg , is irreducible.
e Mazur’s theorem on the Manin constant ¢ asserts that plc = p?|4N.
Then the refined Kolyvagin conjecture can be stated as follows.

Conjecture 4.5. Assume that pg , is surjective. Then

Moy = vp( n ).

fN+

In [67] we prove the refined Kolyvagin conjecture for p > 5 satisfying certain local
conditions. For application to the Birch—Swinnerton-Dyer conjecture for E/Q, these
local conditions are mild by a careful choice of the auxiliary K and the Shimura
curve.

Theorem 4.6. Let E be a semistable elliptic curve with conductor N. Let p, K
satisfy the following conditions

(1) E has good ordinary reduction at p = 5.
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(2) Pg, is surjective.
(3) If ¢=+1 mod p and {|N, then pg, is ramified at L.
(4) v(N7) is even and pg , is ramified at all ({N*.
We have
kp = {c1(n) € H'(K, E[p]) : n € A} # {0},
or equivalently My, = 0 (or equivalently, p { P(n) for some n € A). In particular,
Kpo # 0.

Remark 21. Under the hypothesis (4), we have vy(] [+ ce) = 0.

Remark 22. The refined Kolyvagin conjecture—combined with the five items above—
implies the p-part of the B-SD formula for E/K when r,,(E/K) = 1. By a suitable
choice of an auxiliary K using the result of [7] or [38], we may then prove Theorem
1.6.

4.5. The structure of Selmer group. Under the irreducibility of pg ,, we have
an injection

HY (K, B[pM]) = H'(K,E[p"*M]), M, M > 1.

The group H'(K, E[p™]) can be viewed as the kernel of the multiplication by p*
on HY (K, E[pM+M']). If an element ¢ € H' (K, E[pM*+M']) is killed by p™, we
will view c as an element in H'(K, E[p™]). More generally, we have a short exact
sequence:

00— HY(K, E[pM]) — = H'(K, E[p*]) —2 H'(K, E[p*]).

In this way we naturally view c(n) € H' (K, E[p™]) as an element of H' (K, E[p™]).
Let Selfoo (E/K) be the two eigenspaces under the action of the nontrivial element
in Gal(K/Q). Let r;(E/Q) be the corresponding Z,-corank.

Theorem 4.7 (Kolyvagin, [31], [32]). Let E/Q be an elliptic curve of conductor N.
Consider K = Q[v/—D] with discriminant —D < —4, (D,N) = 1, v(N™) even.
Let p = 3 be a prime where pg, , is surjective and pt ND. Assume that Conjecture
4.3 holds, i.e.,

lipcx) #* 0,
or equivalently, My, < 0. Then we have

(1) max{r,, 7} = ord fp» + 1. Indeed, denoting v = ord kp=, then we have
that rpy = v +1, and 0 < v —r,;* =0 mod 2. Here e, is as in ({.5).

(2) The group Sely (E/K) is contained in the subgroup of H' (K, E[p*]) gen-
erated by all cpr(n),ne A, M < M(n).

(3) As abstract abelian groups, we write Sel;)tu: (E/K) ~ (QP/ZP)T$®IT[(E/K);Lm ,
where HI(E/K);,—ZO is a finite group. Then we have

HI(B/K)*[p*] =~ DZ/p™ 22, af >af > ..,
i>1
where
ay¥ = Myiy2i-1 — My, i
a = Myv2i2— Myy2i-1, 1

i+ (v—rp V)



28 WEI ZHANG

In particular, we have
#[NU(E/K)[pOO] > 2ty =)
and the equality holds when v = 0.

Remark 23. When 14, (E/K) = 1, the Gross—Zagier formula (3.3) implies that the
Heegner point yx € E(K) is non torsion. It then follows that ky» # 0, and indeed
ord kpee = 0 by (4.11). Then the theorem above implies Theorem 1.4.

Remark 24. The group III(E/K)[p*] is the hypothetically finite group II(E/K )[p*].
Indeed, if IIT(E/K)[p™] is finite, then [II(E/K)[p*] ~ II(E/K)[p*].

Therefore, under the hypothesis of Theorem 4.6, all (1)—(3) in Kolyvagin’s the-
orem 4.7 hold. This then implies Theorem 1.8 by a suitable choice of auxiliary K.
Moreover, one may then show that for a broad class of E/Q, Sel,~(E/Q) (of arbi-
trary rank) can be constructed from Heegner points defined over ring class fields of
a suitable K.
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